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ON THE FOURIER ANALYSIS OF MEASURES WITH
MEYER SET SUPPORT
NICOLAE STRUNGARU
Abstract. In this paper we show the existence of the generalized Eber-
lein decomposition for Fourier transformable measures with Meyer set
support. We prove that each of the three components is also Fourier
transformable and has Meyer set support. We obtain that each of the
pure point, absolutely continuous and singular continuous components
of the Fourier transform is a strong almost periodic measure, and hence
is either trivial or has relatively dense support. We next prove that the
Fourier transform of a measure with Meyer set support is norm almost
periodic, and hence so is each of the pure point, absolutely continuous
and singular continuous components. We show that a measure with
Meyer set support is Fourier transformable if and only if it is a linear
combination of positive definite measures, which can be chosen with
Meyer set support, solving a particular case of an open problem. We
complete the paper by discussing some applications to the diffraction of
weighted Dirac combs with Meyer set support.
1. Introduction
The discovery of quasicrystals in the 1980’s [39] emphasized the need for
a better understanding of the mathematics behind the physical process of
diffraction and of aperiodic order in general.
A large class of mathematical models for quasicrystals is represented by
Meyer sets and weighted Dirac combs with Meyer set support. It was be-
lieved that the Meyer property was the reason behind the unusual diffraction
spectrum of quasicrystals [14], and this was proven to be the case: indeed
Meyer sets show a large Bragg diffraction spectrum which is highly ordered
[41, 42, 44].
The pure point Bragg spectrum of Meyer sets is now pretty well under-
stood [2, 12, 33, 41, 42, 42, 43, 44]. We also know a little about the Bragg
continuous spectrum [2, 41, 43, 44] but nothing is known in general about
the absolutely continuous and singular continuous Bragg spectrum of Meyer
sets. It is our goal in this project to study these two components of the
diffraction spectrum of Meyer sets via a systematic study of the Fourier
analysis of measures with Meyer set support.
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As it was introduced by Hof [17], the physical diffraction of a solid can
be viewed as the Fourier transform pγ of the autocorrelation measure γ of
the structure. The measure γ is positive definite, and often also positive,
and therefore it is Fourier transformable as a measure [13, 22, 34], and its
Fourier transform pγ is a positive measure. As any measure, pγ has a Lebesgue
decomposition pγ “ ppγqpp ` ppγqac ` ppγqsc
into a pure point, absolutely continuous and singular continuous component.
We will refer to these three components as the pure point, absolutely
continuous and singular continuous diffraction spectra, respectively,
of our structure.
Structures with pure point diffraction, that is structures for which the
absolutely and singular continuous diffraction spectra are absent, are now
relatively well understood (see for example [6, 9, 10, 11, 12, 23, 25, 24, 27, 28,
30, 31, 44]). Of particular interest among pure point diffractive point sets
are model sets, which are constructed by projecting points in a strip from a
higher dimensional lattice (see Definition 2.8 below for the exact definition).
If the window which produces the strip is regular, then the model set is pure
point diffractive [16, 38, 12, 35]. It was recently shown that the regularity
of the window can be replaced by a weaker natural condition on the density
of the pointset [9, 18, 19]. Recent work [6, 35] has also shown that the
diffraction formula for (regular) model sets is just the Poisson summation
formula for the underlying lattice, an idea which seems to have been first
suggested by Lagarias (see [5, Page 9]). This emphasizes that the long
range order exhibited by model sets is a consequence of the periodicity of
the lattice in the .
Moving beyond the pure point case, not too much is known in general.
For 1-dimensional substitution tilings, some recent progress towards under-
standing the nature of the diffraction spectrum has been made [4], but much
still needs to be done.
A large class of point sets with long range order are Meyer sets. They have
been introduced by Y. Meyer in [29], and studied in [2, 20, 31, 44]. They
can be characterized via completely different properties: as Delone subsets
of model sets, as almost lattices, as Delone sets with a uniform discrete
Minkowski difference Λ´ Λ´Λ (in Rd it suffices for Λ´Λ to be uniformly
discrete), as harmonious sets and as Delone sets with relatively dense sets of
ǫ-dual characters (see [44] for the full characterisation in second countable
LCAG, or [20, 29, 31] for the characterisation for G “ Rd).
As arbitrary subsets of model sets, one should expect Meyer sets to ex-
hibit some of the inherited order: we expect a large pure point (or Bragg)
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spectrum and potentially some continuous diffraction spectrum, a conse-
quence of the generic randomness introduced by going to arbitrary subsets.
This is indeed the case: the diffraction pattern of a Meyer set has a rel-
atively dense set of Bragg peaks [41], which are highly ordered [42]. The
pure point diffraction measure is a strongly almost periodic measure [41],
which is also sup almost periodic [42]. The continuous diffraction measure
ppγqc “ ppγqac ` ppγqsc is a strong almost periodic measure [42], and hence
the continuous diffraction spectrum is either non-existent or has a relatively
dense support. All these results have been generalized to weighted Dirac
combs with Meyer set support [43, 44]. One would expect that the strong
almost periodicity of the continuous spectrum would imply that both the
singular continuous and absolutely continuous spectrum are strongly almost
periodic, but this is not true. Recently, in [40], the authors constructed
examples µ, ν P SAPpRq of continuous measures such that µac and νsc,
respectively, are non trivial measures with compact support.
It is our goal in this paper to show that given a measure γ with Meyer set
support, then ppγqac P SAPpGq and ppγqscSAP pGq. We prove this via a sys-
tematical study the Fourier transform of measures with Meyer set support.
The main issue we face is the enigmatic nature of strong almost periodic-
ity, which is compatible with the Lebesgue decomposition [40]. To solve
this problem we show that the class of Fourier transformable measures with
Meyer set support admits a generalized notion of Eberlein decomposi-
tion (see [22, 34] for definitions and properties): In Theorem 4.1 we show
that every Fourier transformable measure γ supported inside a Meyer set Λ
has an unique decomposition
(1.1) γ “ γs ` γ0a ` γ0s
into three Fourier transformable measures, each supported inside a Meyer
set, such that
γs
Ź
“ ppγqpp ; γ0aŹ“ ppγqac ; γ0sŹ“ ppγqsc .
We obtain this result by exploiting the Meyer property of the support via
an embedding into a model set, and by using the Fourier analysis of certain
weighted Dirac combs defined by the underlying cut and project scheme
(CPS). It is worth pointing out that the Fourier theory we use for the larger
weighed Dirac cobs is a consequence of the Poisson summation formula of
the Lattice L in the CPS. Therefore, similarly to regular model sets, the
existence of the generalized Eberlein decomposition (1.1), as well as all the
strong consequences of its existence, are a result of the high long-range order
of the lattice L in the CPS.
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Next we provide an upperbound for the support of each of the three
components in the generalized Eberlein decomposition. We prove in Theo-
rem 4.1 that, if NpW q is any closed model set containing the support of γ,
then the generalized Eberlein decomposition of γ stays within the class of
measures supported inside NpW q. This result generalizes some results of
[2, 26, 37, 41, 43, 45]. This type of decomposition was used to derive purity
results for 1-dimensional Pisot substitution tilings (see [4, 8]).
As an immediate consequence of Theorem 4.1 we get the strong almost
periodicity of each of the spectral components ppγqpp , ppγqac and ppγqsc, re-
spectively. In particular we obtain that each of the spectral components in
the diffraction of Meyer sets is either trivial or has relatively dense support.
We continue our Fourier analysis by studying the norm-almost periodicity
of the Fourier transform pγ. We prove in Theorem 7.1 that, if γ is Fourier
transformable and has Meyer set support, then pγ is a norm almost periodic
measure. In particular we obtain that, under the same conditions, each of the
measures ppγqpp , ppγqac and ppγqsc, respectively, is norm almost periodic. Since
norm almost periodicity is a stronger notion than strong almost periodicity,
this improves our previous result, as well as some of the results of [41, 42, 44].
Next we study the connection between Fourier transformability of a mea-
sure with Meyer set support and the class of positive definite measures. It
is well known that the space of measures spanned by positive definite mea-
sures is a subspace of the space of Fourier transformable measures [1, 13, 34].
An open question posted by Argabright and deLamadrid is asking whether
these two spaces are the same. So far, the question was answered only for
measures with Lattice support [37]: in this case the two spaces are the same.
We show in Theorem 8.5 that the answer is also positive in the case of mea-
sures supported inside Meyer sets: a measure γ supported inside a Meyer
set Λ is Fourier transformable if and only if it is a linear combination of pos-
itive definite measures. Moreover, we prove that there exist a larger Meyer
set Γ Ě Λ, which depends on Λ but can be chosen independent of γ, such
that, γ can be written as a linear combination of positive definite measures
supported inside Γ.
All the results in this paper are then collected in Theorem 9.1.
We complete the introduction by presenting the general strategy for the
proof of three main theorems: Theorem 4.1, Theorem 7.1 and Theorem 8.5.
Consider any fixed Meyer set Λ. In Proposition 3.2 we construct a twice
Fourier transformable measure ω supported inside a larger Meyer set Γ such
that ωptxuq “ 1 for all x P Λ and pω is pure point. This is done by embedding
the Meyer set into a model set, and by picking a nice function which h in
the internal space which is 1 on the window of the model set.
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Next, we show that ωptxuq “ 1 for all x P Λ, and that ω has uniformly
discrete support implies that pω ”dominates” pγ in the following sense: there
exists a finite measure ν such that
(1.2) pγ “ pω ˚ ν .
This phenomena is similar to the case of measures with lattice support [37].
Therefore, using the uniqueness of the Lebesgue decomposition, we get
(1.3) ppγqpp “ pω ˚ νpp ; ppγqac “ pω ˚ νac ; ppγqsc “ pω ˚ νsc .
We can use now the twice Fourier transformability of ω to show that each
of the three measures in (1.3) has an inverse Fourier transform, which is
supported inside Γ “ supppωq, yielding the desired generalized Eberlein
decomposition.
To prove norm almost periodicity, we show that the CPS and function h
used to produce the measure ω above can be chosen in such a way that pω
is a norm almost periodic measure. As the convolution with finite measures
preserves norm-almost periodicity (see Proposition 6.2) the conclusion of
Theorem 7.1 follows.
Finally, we use the polarisation identity [34, Page 244] to show that ω
can be written as a linear combination of four positive definite measures
supported inside a common Meyer set Γ. Next, using Eq. (1.2) and writing
ν as a linear combination of finite positive measures, we get via the inverse
Fourier transform that
γ “
4ÿ
j“1
Cjfjω
with Cj P C and fj P CupGq positive definite. Since ω is a linear combina-
tion of positive definite measures, and the product fν of a positive definite
function f P CupGq and a positive definite measure ν is positive definite, we
get Theorem 8.5.
2. Definitions and Notations
We start by briefly reviewing some basic definitions and properties. For
a more detailed overview of these concepts we recommend the monographs
[6, 7], as well as [1, 13, 22, 34, 44].
Throughout the paper, G denotes a second countable locally compact
Abelian group (LCAG). By CupGq we denote the space of uniformly contin-
uous and bounded functions on G. This is a Banach space with respect to
the sup norm } }8. As usual, we denote by C0pGq the subspace of CupGq
consisting of functions vanishing at infinity, and by CcpGq the subspace of
compactly supported continuous functions. Note that CcpGq is not complete
in pCupGq, } }8q.
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As usual for diffraction theory, by measure we will understand a Radon
measure. Via the Riesz Representation Theorem, a Radon measure is
simply a linear functional on CcpGq, equipped with the inductive topology
(see [36, Appendix] for more details).
For a function f on G we denote by f : its reflection, that is
f :pxq :“ fp´xq and f˜pxq “ fp´xq .
Same way, for a measure µ we denote by µ: the reflection µ:pfq :“ µpf :q.
Finally, we denote by
K2pGq :“ Spantf ˚ g : f, g P CcpGqu .
Let us recall here the definition of the Fourier transform of measures. For
a more detailed review of the subject, we recommend [34].
Definition 2.1. A measure µ on G is called Fourier transformable if
there exists a measure pµ on pG such that, for all g P K2pGq we have
(i) qg P L1p|pµ|q,
(ii) xµ, gy “ xpµ, qgy.
Next, let us review the concept of positive definite measures.
Definition 2.2. A measure µ is called positive definite if and only if, for
all f P CcpGq we have
µpf ˚ rfq ě 0 .
It is easy to see that a measure µ is positive definite if and only if, for all
f P CcpGq the function µ ˚ f ˚ rf is a continuous positive definite function
[34, Lemma 4.11.2].
The importance of positive definiteness to Fourier analysis is given by the
following result.
Theorem 2.3. [22, 34, 13] Let µ be a positive definite measure. Then µ is
Fourier transformable and its Fourier transform pµ is positive.

The converse of Theorem 2.3 also holds [13, 34]. For an review of positive
definite measures see [13, 34].
Next, let us recall translation boundedness for measures.
Definition 2.4. A measure µ on G is called translation bounded if for
all compact sets K Ď G we have
}µ}K :“ sup
tPG
|µ| pt`Kq ă 8 ,
We will denote by M8pGq the space of translation bounded measures on
G.
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Remark 1. (i) A measure µ is translation bounded if and only if
µ ˚ f P CupGq for all f P CcpGq [1, Thm. 1.1].
(ii) } }K is a norm on M
8pGq [12] and pM8pGq, } }Kq is a Banach
space [37].
(iii) If K1,K2 are two compact sets with non-empty interior, then the
norms } }K1 and } }K2 are equivalent [12]. In particular, µ is
translation bounded if and only if }µ}K ă 8 for one compact set
K with non-empty interior.
We complete the section by reviewing almost periodicity for measures.
Definition 2.5. A measure function f P CupGq is called Bohr almost
periodic if the hull Cf :“ tTtf |t P Gu of all its translates has compact
closure in pCupGq, } }8q. We denote by SAP pGq the subspace of CupGq of
all Bohr almost periodic functions.
A measure µ is called strong almost periodic if for all f P CcpGq we
have µ ˚ f P SAP pGq. We denote the space of all strong almost periodic
measures by SAPpGq.
A measure µ is called norm almost periodic if for each ǫ ą 0 the set
PKǫ pµq :“ tt P G : }Ttµ´ µ}K ă ǫu
of ǫ-norm almost periods is relatively dense, where K is any fixed com-
pact set with non-empty interior.
Remark 2. (i) Since different compact sets with non-empty interior
define equivalent norms, norm almost periodicity is independent
of the choice of the compact K.
(ii) Norm almost periodic pure point measures were studied and clas-
sified in terms of CPS pG,H,Lq and continuous functions h P
C0pHq in [44].
(iii) A norm almost periodic measure µ is strong almost periodic.
Moreover, if supppµq ´ supppµq is uniformly discrete then µ is
norm almost periodic if and only if µ is strong almost periodic
[12].
It is easy to see that SAPpGq Ď M8pGq. The importance of the space
SAPpGq in the study of the Lebesgue decomposition of Fourier transform
is emphasized by the following two results.
Theorem 2.6. [22, Cor. 11.1] Let γ be a Fourier transformable measure.
Then γ is pure point if and only if pγ P SAPpGq.

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Theorem 2.7. [34, Cor. 4.10.13] Let γ be translation bounded Fourier trans-
formable measure. Then pγ is pure point if and only if γ P SAPpGq.

We complete this section with a brief review of Meyer sets. For more
details, we recommend [6, 29, 32, 31, 44].
Definition 2.8. By a cut and project scheme (or CPS) we understand
a triple pG,H,Lq, with H a LCAG, and a lattice L Ď GˆH such that
(a) πHpLq is dense in H.
(b) the restriction πG|L of the first projection πG to L is one to one.
Given a CPS pG,H,Lq we will denote by L :“ πGpLq. Then, πG induces
a group isomorphism between L and L. Composing the inverse of this with
the second projection πH we get a mapping
‹ : LÑ H
which we will call the ‹-mapping. We can then write
L “ tpx, x‹q : x P Lu .
We can summarise a CPS in a simple diagram:
G GˆH HŤ Ť Ť
L L L‹
πG πH
1-1 dense
‹
Given a CPS pG,H,Lq, we can define
L
0 :“ tpχ,ψq P pGˆ pH : χpxqψpx‹q “ 1@x P Lu .
Then, p pG, pH,L0q is a CPS [9, 31, 32, 44]. We will refer to this as the CPS
dual to pG,H,Lq.
We can now introduce the definition of a Meyer set.
Definition 2.9. A Delone set Λ Ă G is called a Meyer set if there exists
a cut and project scheme pG,H,Lq and a compact set W Ď H such that
Λ Ď NpW q.
A Delone set is Meyer if and only if Λ´ Λ´ Λ is closed and discrete, or
equivalently, if and only if there exists a finite set F such that Λ´Λ Ď Λ`F
[21, 20, 29, 31, 44].
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3. A Ping-Pong Lemma for measures with Meyer set support
Next, we prove the following Lemma, which will play an important role
in our approach.
Lemma 3.1. Let H be a LCAG, W Ď H be a compact set and y P H be
any point such that y R W . Then, there exists some h P K2pHq such that
h ” 1 on W and hpyq “ 0.
In particular, there exists some h P K2pHq such that h ” 1 on W .
Proof. SinceW is closed and y RW , there exists some open set 0 P U “ ´U
such that py ` Uq XW “ H. We can then pick some precompact open set
0 P V “ ´V such that V ` V ` V Ď U .
As 0 P V is open, we have V Ď V `V . It follows that W `V is a compact
subset of the open set W ` V ` V . Then, by the Urysohn’s Lemma, there
exists some f P CcpHq such that 1W`V ď f ď 1W`V`V .
Next, pick some g P CcpHq such that g ě 0, supppgq Ď V and
ş
H
gptqdt “
1. Set h “ f ˚ g. We claim that this h has the desired properties.
By construction f, g P CcpHq and hence h P K2pHq. Since f “ 1 on
W ` V and supppgq Ď V , it is easy to see that hpsq “
ş
H
gptqdt “ 1 for all
s P W .
Finally, as supppfq Ď W ` V ` V and supppgq Ď V we have suppphq Ď
W ` V ` V ` V ĎW ` U “W ´ U . Therefore hpyq “ 0 as y RW ´ U .
The last claim is immediate. Indeed, if W ‰ H then the claim follows
from the above by picking some y R W . Otherwise, H is compact and
h “ 1H works. 
As a consequence we get:
Proposition 3.2. Let G be a second countable group, and Λ Ă G be a Meyer
set. Let pG,H,Lq be any cut and project scheme and W Ď H compact be
such that Λ Ď NpW q.
Then, there exists some h P K2pHq such that, the measure
ωh :“
ÿ
px,x‹qPL
hpx‹qδx
has the following three properties:
(i) ωhptxuq “ 1@x P Λ.
(ii) ωh is twice Fourier transformable and
xωh “ detpLqωqh “ detpLq ÿ
py,y‹qPL0
qhpy‹qδy .
(iii) Γ :“ supppωhq is a Meyer set.
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Moreover, for each z P GzNpW q, we can pick h in such a way that
z R Γ “ supppωhq.
Proof. By Lemma 3.1, there exists some h P K2pHq, such that h “ 1 on W .
Since h P K2pHq, the measure ωh is twice Fourier transformable [36,
Thm. 4.10, Thm. 4.12] and
xωh “ detpLqωqh “ detpLq ÿ
py,y‹qPL0
qhpy‹qδy .
Next, the set U :“ tx P H|hpxq ‰ 0u is open and precompact, and hence
Γ :“ NpUq “ supppωhq is a Meyer set.
It follows that ωh satisfies properties (i), (ii) and (ii).
Finally, let z P GzNpW q be arbitrary. If z R πGpLq, then we have
z R Γ “ NpUq for all choices of U .
If z P πGpLq, then z R NpW q implies that z
‹ RW . Then, by Lemma 3.1,
we can pick h P K2pHq such that hpz
‹q “ 0, and hence, by the above
construction, z R Γ. 
Recall that given a Fourier transformable measure µ supported inside a
lattice L Ă G, its Fourier transform pµ is fully periodic under the lattice
L0 Ă pG dual to L [1, 13]. It follows [37] that there exists a finite measure ν
such that pµ “ δL0 ˚ ν .
Below we prove that a similar result holds for Fourier transformable mea-
sures with Meyer set support. Starting with a measure γ with Meyer sup-
port, this result will allow us to move to the Fourier space, take certain
decompositions and return to the original space.
Lemma 3.3 (Ping-Pong Lemma for Meyer sets). Let Λ Ă G be a Meyer set,
ω a twice Fourier transformable measure with the following two properties:
(a) Γ :“ supppωq is U -uniformly discrete for some open set 0 P U ;
(b) ωptxuq “ 1 for all x P Λ.
Let f P CcpGq be any function such that supppf ˚ rfq Ď U .
Then, the following hold:
(i) If γ is any Fourier transformable measure with supppγq Ď Λ, then
ν :“
ˇˇˇ qf ˇˇˇ2 pγ is a finite measure and
pγ “ pω ˚ ν .
(ii) If ν is a finite measure on pG, then pω ˚ ν is Fourier transformable
and γ :“
´pω ˚ νŹ¯: is supported inside Γ. Moreover, if γ is Fourier
FOURIER ANALYSIS ON MEYER SETS 11
transformable, then
pγ “ pω ˚ ν .
Proof. (i)
Since γ is Fourier transformable, for each f P CcpGq the measure ν :“pγ ˇˇˇ qf ˇˇˇ2 is finite, and has Fourier transform as finite measure [1, Prop 2.3], [34,
Lemma 4.9.24] given by
pν “ pγ ˇˇˇ qf ˇˇˇ2Ź“ ´γ ˚ f ˚ rf¯: .
Next, since pω is translation bounded (see [1, Thm. 2.5] or [34, Thm. 4.9.23])pγ ˇˇˇ qf ˇˇˇ2 is finite, the measures pω and ν are convolvable [1, Thm. 1.2], [34,
Lemma 4.9.19]. Moreover, as pω is Fourier transformable and ν is finite,
their convolution is Fourier transformable and [34, Lemma 4.9.26]
(3.1) pω ˚ νŹ“ ppωpν “ ppωˆpγ ˇˇˇ qf ˇˇˇ2Ź˙“ ´γ ˚ f ˚ rf¯: ω: “ ´´γ ˚ f ˚ rf¯ω¯: .
We claim that ´
γ ˚ f ˚ rf¯ω “ γ .
Indeed,
supp
`´
γ ˚ f ˚ rf¯ω˘ Ď supppγ ˚ f ˚ rfq X supppωq Ď pΛ` Uq X Γ “ Λ .
Moreover, for each x P Λ, since ωptxuq “ 1 and Γ is U -uniformly discrete,
we have`´
γ ˚ f ˚ rf¯ω˘ptxuq “ γ ˚ f ˚ rfptxuq “ ÿ
yPΛ
´
f ˚ rf¯ px´ yqγptyuq .
The last sum is zero unless x ´ y P U and y P Λ, which means y P
ΛX px´ Uq “ txu. Therefore´
γ ˚ f ˚ rf¯ωptxuq “ ´f ˚ rf¯ p0qγptxuq “ γptxuq .
Now, since γ is Fourier transformable, so is γ: “ pω ˚ ˆpγ ˇˇˇ qf ˇˇˇ2Ź˙. Therefore,
by applying [34, Thm. 4.9.28] to (3.1) we have
γ:
Ź
“ pω ˚ ˆpγ ˇˇˇ qf ˇˇˇ2Ź˙“ ˆpω ˚ˆpγ ˇˇˇ qf ˇˇˇ2˙˙: .
Reflecting this relation we get the claim.
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(ii) Exactly as before, since ω is twice Fourier transformable, pω is trans-
lation bounded and Fourier transformable. Then, as ν is finite, pω ˚ ν is well
defined, Fourier transformable, and
γ “
´pω ˚ νŹ¯: “ ´ppωpν¯: “ ppνq: ω .
Since ν is finite, we have pν P CupGq, and hence
supppγq Ď supppωq Ď Γ .
If γ is Fourier transformable, it follows that pω ˚ ν is twice Fourier trans-
formable. Then, by [22, Thm. 3.4], [34, Thm. 4.9.28] we get
ppω ˚ νq:Ź“ pω ˚ ν .
This gives pγ “ pω ˚ ν.

Remark 3. In the theory of mathematical diffraction the measures pγ will
always be positive. It follows that all measures γ appearing in Lemma 3.3
(ii) will be positive definite, and hence Fourier transformable.
Remark 4. If Λ “ L is a lattice, then one can take ω “ δL, and hence
Γ “ L. Moreover, any L0-periodic measure is a Fourier transform [37].
In this case, since Γ “ L “ Λ, Lemma 3.3 gives the well known result
(compare [3, 37]) that a Fourier transformable measure γ is supported inside
L if and only if there exists a finite measure ν such that
pγ “ δL0 ˚ ν .
Remark 5. Let L Ă G be a lattice, let F Ă G be a finite set, and set
Λ “ L` F .
Now, if F 1 is a minimal subset of F with the property that Λ “ L` F 1,
then we have δΛ “ δF 1 ˚ δL. We can then pick ω :“ δΛ, and hence Γ “ Λ.
Lemma 3.3 then yields that a Fourier transformable measure γ is sup-
ported inside Λ if and only if there exists a finite measure ν such that
pγ “
¨˝ ÿ
χPL0
` ÿ
fPF 1
χpfq
˘
δχ‚˛˚ ν .
4. On the Generalized Eberlein decomposition for measures
with Meyer set support
We can now prove the existence of the generalized Eberlein decomposition
for Fourier transformable measures with Meyer set support.
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Theorem 4.1 (Existence of the generalized Eberlein decomposi-
tion). Let G be a second countable LCAG, and let Λ Ă G be a Meyer set.
Then, for each Fourier transformable measure γ with supppγq Ď Λ, there
exist unique Fourier transformable measures γs, γ0s, γ0a supported inside a
Meyer set, such that
γ “ γs ` γ0s ` γ0a
γs
Ź
“ ppγqpp
γ0s
Ź
“ ppγqsc
γ0a
Ź
“ ppγqac .
Moreover, if pG,H,Lq is any CPS and W Ď H any compact set such that
Λ Ď NpW q, then
supppγsq, supppγ0sq, supppγ0aq Ď NpW q .
Proof. Now, under the notations from Lemma 3.3, by Lemma 3.3 there exists
a finite measure ν such that pγ “ pω ˚ ν .
Since G is metrisable, pG is σ compact. Therefore, the pure point measurepω has (at most) countable support.
As pG is σ-compact, the measure ν admits a Lebesgue decomposition
ν “ νpp ` νac ` νsc .
Since pω is pure point measure, the measures pω˚νpp, pω˚νac, pω˚νsc are pure
point, absolutely continuous and singular continuous, respectively. More-
over, we have pγ “ pω ˚ ν “ pω ˚ νpp ` pω ˚ νac ` pω ˚ νsc
and therefore, by the uniqueness of the Lebesgue decomposition, we have
ppγqpp “ pω ˚ νpp ; ppγqac “ pω ˚ νac ; ppγqsc “ pω ˚ νsc .
By Lemma 3.3 (ii), the measures pω ˚ νpp, pω ˚ νac, pω ˚ νsc are Fourier trans-
formable, and the measures
γs :“
´pω ˚ νppŹ¯:
γ0a :“
´pω ˚ νacŹ¯:
γ0s :“
´pω ˚ νscŹ¯:
are supported inside Γ.
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We next show that γs, γ0s and γ0a are Fourier transformable, or equiva-
lently that pω ˚ νpp, pω ˚ νac, pω ˚ νsc are twice Fourier transformable. By [35,
Thm. 3.10] this is equivalent to the integrability of qg with respect to each of
these measures, for all g P K2pGq. We show below that this is an immediate
consequence of the Fourier transformability of γ.
Since γ is Fourier transformable, for each g P K2pGq we have qg P L1ppγ:q,
and hence qg P L1pppγq:ppq, qg P L1pppγq:scq and qg P L1pppγq:acq. Therefore, since
ppγqpp “ pω ˚νpp, ppγqac “ pω ˚νac and ppγqsc “ pω ˚νsc are Fourier transformable,
by [35, Thm. 3.10] we get that pω ˚ νpp, pω ˚ νac, pω ˚ νsc are twice Fourier
transformable.
This proves the first claim.
Let now pG,H,Lq be any CPS and W Ď H be any compact set such that
Λ Ď NpW q. We show that
supppγsq, supppγ0sq, supppγ0aq Ď NpW q .
Indeed, for each z P GzNpW q, by Proposition 3.2 we can pick ω in
Lemma 3.3 such that ωptzuq “ 0.
Then, in the above we have z R Γ and hence
γsptzuq “ γ0sptzuq “ γ0aptzuq “ 0 .
This proves the claim. 
Definition 4.2. We say that a measure γ admits a generalized Eberlein
decomposition if we can find Fourier transformable measures γs, γ0s, γ0a
such that
γ “ γs ` γ0s ` γ0a
γs
Ź
“ ppγqpp
γ0s
Ź
“ ppγqsc
γ0a
Ź
“ ppγqac .
The injectivity of the Fourier transform gives that, whenever the gener-
alized Eberlein decomposition exists, it is unique. In Theorem 4.1 above we
showed that Fourier transformable measures with Meyer set support always
admit generalized Eberlein decomposition.
We complete the section by listing an interesting consequence of Theo-
rem 4.1.
Corollary 4.3. Let G be a second countable LCAG, and let Λ Ă G be a
Meyer set.
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If γ is a Fourier transformable measure with supppγq Ď Λ, then
ppγqpp , ppγqsc , ppγqac P SAPpGq .
Proof. By Theorem 4.1 , γ admits a generalized Eberlein decomposition.
Since γs, γ0s, γ0a are pure point, their Fourier transforms are strongly almost
periodic measures by Theorem 2.6. 
5. On the norm-almost periodicity of a class of measures
In the remaining of this paper we prove that given a Fourier transformable
measure γ with Meyer set support, then its Fourier transform pγ is a norm
almost periodic measure.
We start by proving that, given a cut and project scheme of the form
pG,Rd ˆ H,Lq for LCAG H and some function h “ φ b ψ P CcpR
d ˆ Hq
where φ P SpRdq X K2pR
dq, ψ P CcpHq then, ωh is norm-almost periodic.
Here, the product φb ψ is defined via
φb ψpx, yq :“ φpxqψpyq .
We will complete the paper by showing that, given a Meyer set, we can
find a measure ω satisfying the conditions in Lemma 3.3 such that, by the
results in this section, pω is norm-almost periodic and that norm-almost
periodicity is preserved by convolution with finite measures.
First let us recall a result of [44] which we need in this section.
Proposition 5.1. [44, Thm. 5.5.2] Let pG,H,Lq be a CPS and h P CcpHq.
Then, ωh is norm almost periodic.
In the Lemma 5.2 below, we show that for CPS with H “ Rd ˆH1 and
h “ φbψ for some Schwartz function φ P SpRdq and some ψ P CcpH1q then
ωh is a measure, and we give an upperbound for its norm }ωh}K
Lemma 5.2. Let pG,Rd ˆH1,Lq be a CPS. Then,
(i) Let φ P SpRdq, ψ P CcpH1q and let h “ φ b ψ. Then, ωh is a
measure.
(ii) For each compact K Ď G and compact W Ď H1, there exists some
constant C “ CpK,W q such that, for all φ P SpRdq, ψ P CcpH1q
with supppψq ĎW we have
}ωφbψ}K ď C}ψ}8
››p1` x2dqφpxq››
8
.
Proof. Let W Ď H1 be any compact set, and let ψ P CcpHq be any function
such that supppψq ĎW . Set
16 NICOLAE STRUNGARU
CpW,Kq :“
´
}δL}Kˆr´ 1
2
, 1
2
sdˆW
¯˜ ÿ
nPZd
sup
zPn`r´ 1
2
, 1
2
sd
1
1` |z|2d
¸
ă 8 .
To prove that ωh is a measure, we show that for each compact set K we
have ÿ
xPK
|ωhptxuq| ă 8 .
A simple computation yieldsÿ
xPK
|ωhptxuq| “
ÿ
px,x‹qPL
|1Kpxqhpx
‹q| “
ÿ
px,x‹qPL
|1Kpxq pφb ψq px
‹q| .
Now, consider the canonical projections πRd : R
d ˆ H1 Ñ R
d and πH1 :
R
d ˆ H1 Ñ H1 , respectively. For each px, x
‹q P L we will denote, for
simplicity, by x‹
1
:“ πRdpx
‹q and x‹
2
:“ πH1px
‹q.
Then
ÿ
xPK
|ωhptxuq| “
ÿ
px,x‹qPL
|1Kpxqφpx
‹
1qψpx
‹
2q|
(5.1)
“
ÿ
px,x‹qPL
1Kpxq |φpx
‹
1q| |ψpx
‹
2q| ď
ÿ
px,x‹qPL
1Kpxq |φpx
‹
1q| }ψ}81W px
‹
2q
ď
ÿ
mPZd
` ÿ
px,x‹qPL
x‹
1
Pm`r´ 1
2
, 1
2
sd
1Kpxq |φpx
‹
1q| }ψ}81W px
‹
2q
˘
“ }ψ}8
ÿ
mPZd
` ÿ
px,x‹qPL
1Kpxq1m`r´ 1
2
, 1
2
sdpx
‹
1q |φpx
‹
1q| 1W px
‹
2q
˘
“ }ψ}8
ÿ
mPZd
` ÿ
px,x‹qPL
1Kpxq1m`r´ 1
2
, 1
2
sdpx
‹
1q
ˇˇˇ
φpx‹1qp1` |x
‹
1|
2dq
ˇˇˇ ˇˇˇˇ 1
1` |x‹
1
|2d
ˇˇˇˇ
1W px
‹
2q
˘
ď }ψ}8
ÿ
mPZd
` ÿ
px,x‹qPL
1Kpxq1m`r´ 1
2
, 1
2
sdpx
‹
1q}φpsqp1 ` |s|
2dq}8
˜
sup
zPm`r´ 1
2
, 1
2
sd
1
1` |z|2d
¸
1W px
‹
2q
˘
“ }ψ}8}φpsqp1` |s|
2dq}8
ÿ
mPZd
` ÿ
px,x‹qPL
1Kpxq1m`r´ 1
2
, 1
2
sdpx
‹
1q
˜
sup
zPm`r´ 1
2
, 1
2
sd
1
1` |z|2d
¸
1W px
‹
2q
˘
“ }ψ}8}φpsqp1` |s|
2dq}8
¨˝ ÿ
mPZd
sup
zPm`r´ 1
2
, 1
2
sd
1
1` |z|2d
˘` ÿ
px,x‹
1
,x‹
2
qPL
1Kpxq1m`r´ 1
2
, 1
2
sdpx
‹
1q1W px
‹
2q‚˛
ď
˜ ÿ
mPZd
sup
zPm`r´ 1
2
, 1
2
sd
1
1` |z|2d
¸`
δLppt`Kq ˆ pm` r´
1
2
,
1
2
sdq ˆW q
˘
}ψ}8}φpsqp1 ` |s|
dq}8
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This shows that ÿ
xPK
|ωhptxuq| ă 8 ,
and proves (i).
We now show (ii)
For each compact set K we have
}ωh}K “ sup
tPG
|ωh| pt`Kq
p5q
ď }ψ}8}φpsqp1` |s|
dq}8
˜ ÿ
mPZd
`
sup
zPm`r´ 1
2
, 1
2
sd
1
1` |z|2d
˘`
δLppt`Kq ˆ pm` r´
1
2
,
1
2
sdq ˆW q
˘¸
ď
` ÿ
mPZd
sup
zPm`r´ 1
2
, 1
2
sd
1
1` |z|2d
˘
}ψ}8}φpsqp1` |s|
dq}8}δL}Kˆr´ 1
2
, 1
2
sdˆW
ď CpK,W q}ψ}8}φpsqp1` |s|
dq}8 .
This completes the proof.

Lemma 5.3. Let pG,RdˆH1,Lq be a CPS. Let φ P SpR
dq, ψ P CcpH1q and
set h “ φb ψ. Then ωh is norm almost periodic.
Proof. Fix compact sets K Ď G and W Ď H such that supppψq ĎW .
Let ǫ ą 0, and let C “ CpK,W q be the constant from Lemma 5.2 (ii).
Since φ P SpRdq we can write it as φ “ φ1 ` φ2, with φ1 P CcpR
dq and
}p1` |s|2dqφ2psq}8 ď
ǫ
1` 3C}ψ}8}δL}K1ˆr´ 12 ,
1
2
sdˆW
.
Then, by Lemma 5.2 we have
}ωφ2bψ}K ă
ǫ
3
.
Next, by Proposition 5.1 the measure ωφ1bψ is norm almost periodic.
Therefore, the set
P :“ tt P G|}Ttωφ1bψ ´ ωφ1bψ}K ă
ǫ
3
u
is relatively dense.
Let t P P . Then
}Ttωh ´ ωh}K “ }Ttωφ1bψ ` Ttωφ2bψ ´ ωφ1bψ ´ ωφ2bψ}K
ď }Ttωφ1bψ ´ ωφ1bψ}K ` }Ttωφ2bψ}K ` |ωφ2bψ}K
ď }Ttωφ1bψ ´ ωφ1bψ}K ` }ωφ2bψ}K ` |ωφ2bψ}K ă ǫ
This shows that each t P P is an ǫ-norm almost period for ωh, from which
our claim follows. 
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6. Norm almost periodicity and convolution
In this section we show that norm almost periodicity is preserved under
convolution with finite measures. We start by proving the following prepa-
ration Lemma.
Lemma 6.1. Let K,K 1 be compact sets such that K Ă IntpK 1q. If ν is a
finite measure and µ is any translation bounded measure, then
|µ ˚ ν| pKq ď }µ}K 1 p|ν| pGqq .
Proof. Since K Ă IntpK 1q, there exists a non-negative f such that 1K ď f ď
1K 1 .
Let ǫ ą 0 be arbitrary.
By the definition of the total variation, there exists some g P CcpGq with
|g| ď f such that
|µ ˚ ν|pfq ď |µ ˚ νpgq| ` ǫ .
Then, we have
|µ ˚ ν| pKq ď |µ ˚ ν|pfq ď |µ ˚ νpgq| ` ǫ “
ˇˇˇˇż
G
ż
G
gps ` tqdνpsqdµptq
ˇˇˇˇ
` ǫ
ď
ż
G
ż
G
|gps` tq| d |ν| psqd |µ| ptq ` ǫ “
ż
G
ˆż
G
|gps ` tq| d |µ| ptq
˙
|d |ν| psq ` ǫ
Now, for each s P G we have gps` tq “ 0 for all t R ´s`K 1. Thereforeż
G
|gps ` tq| d |µ| ptq “
ż
´s`K 1
|gps ` tq| d |µ| ptq
ď
ż
´s`K 1
1d |µ| ptq “ |µ| p´s`K 1q ď }µ}K 1 .
Therefore
|µ ˚ ν| pKq ď
ż
G
}µ}K 1 d |ν| psq ` ǫ “ }µ}K 1 p|ν| pGqq ` ǫ .
As ǫ ą 0 was arbitrary, we are done.

We can now prove the desired result.
Proposition 6.2. If ν is a finite measure and µ is a norm almost periodic,
then µ ˚ ν is norm almost periodic.
Proof. Fix compact set K1 Ă G with non-empty interior. Pick K
1
1 any
compact set such that K1 Ď IntpK
1
1q .
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Let ǫ ą 0. Since µ is norm almost periodic, the set
P :“ tt P G|}Ttµ´ µ}K1 ă
ǫ
1` 2 p|ν| pGqq
u
is relatively dense. Then, for all t P P and s P G we have
|Ttµ ˚ ν ´ µ ˚ ν| ps`K1q “ |pTtµ´ µq ˚ ν| ps`K1q
Now, since s`K1 Ď Intps`K
1
1
q, by applying Lemma 6.1 for K “ s`K1,
we get
|Ttµ ˚ ν ´ µ ˚ ν| ps`K1q ď p|ν| pGqq
´
}Ttµ´ µ}s`K 1
1
¯
ď p|ν| pGqq
´
}Ttµ´ µ}K 1
1
¯
ă
ǫ
2
.
Now, taking the supremum over all s, we get that for all t in the relatively
dense set P we have
}Ttµ ˚ ν ´ µ ˚ ν}K1 ď
ǫ
2
ă ǫ .

7. On the norm almost periodicity of pγ for measures γ with
Meyer set support
We can finally prove the following theorem.
Theorem 7.1. Let γ be a Fourier transformable measure supported inside
a Meyer set. Then pγ is norm almost periodic.
Proof. Let Λ be any Meyer set containing the support of γ. By [44, Cor. 5.9.20]
there exists a CPS pG,H,Lq with H compactly generated, and some com-
pact set W Ď H such that
Λ Ď NpW q .
Since H is compactly generated, by the structure Theorem we have H »
R
d ˆ Zn ˆ K for some d, n and compact group K. We can replace then H
in the CPS by Rd ˆ Zn ˆ K and chose the Haar measure on Zd to be the
counting measure, and the Haar measure on K to be a probability measure.
Next, since W is compact in Rd ˆ Zn ˆ K, there exists some compact
W0 Ď R
d and some finite set F Ă Zd such that
W ĎW0 ˆ F ˆK .
It follows that
Λ Ď NpW0 ˆ F ˆKq .
Now, pick some g P C8
c
pRdq XK2pR
dq such that gpxq “ 1@x PW0.
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Let h : Zd ˆ K be h “ 1F b 1K. It is obvious that h P CcpZ
d ˆ Kq and
that
h “ h ˚ p10 b 1Kq
which yields h P K2pZ
d ˆKq.
Then, by [35] the measure ω “ ωgbh is Fourier transformable and
pω “ ωgbhŹ“ denspLqω~gbh .
Moreover, by construction
ωptxuq “ 1@x P Λ .
Then, by Lemma 3.3 there exists a finite measure ν such that
pγ “ pω ˚ ν .
Let φ “ qg and ψ “ qh. Then, as g P C8
c
pRdq we have φ P SpRdq. Moreover,
recalling that xZd is a compact group and that pK is discrete, we have
ψ “ qh “ ­1F b 1K “ |1F b 10 P CcpxZd ˆ pKq .
Therefore, by Lemma 5.3, the measure pω “ ωφbψ is norm almost periodic.
As pω is norm almost periodic, and ν is finite, it follows now from Propo-
sition 6.2 that pγ is norm almost periodic.

As an immediate consequence we get:
Corollary 7.2. Let γ be a Fourier transformable measure supported inside
a Meyer set. Then each of ppγqpp , ppγqac and ppγqsc is norm almost periodic.
Proof. We know by Theorem 4.1 that the generalized Eberlein decomposi-
tion
γ “ γs ` γ0a ` γ0s
exists within the class of Fourier transformable measures with Meyer set
support. The claim now follows by applying Theorem 7.1 to each component.

Remark 6. It is also easy to prove that, if a measure µ is norm almost
periodic, then so is each of µpp, µac, µsc. This gives an alternate way to
deduce Corollary 7.2 from Theorem 7.1.
FOURIER ANALYSIS ON MEYER SETS 21
8. Fourier transformable measures with Meyer set support
and positive definiteness
It is well known that any linear combination of positive definite measures
is Fourier transformable. An open problem in Fourier analysis, which was
first mentioned implicitly in [1, Page 29], is if the converse of this also holds:
Conjecture 8.1. A measure µ on G is Fourier transformable if and only if
it is a linear combination of positive definite measures.
So far, the only progress towards solving Conjecture 8.1 we are aware of
is the following result.
Proposition 8.2. [37] Let µ be a measure supported inside some lattice L.
Then µ is Fourier transformable if and only if µ is a linear combination of
positive definite measures supported inside L.
In this section we extend Proposition 8.2 to measures supported inside
Meyer sets.
We start by proving the following preliminary lemma.
Lemma 8.3. Let pG,H,Lq be a CPS and W Ď H be compact set. Then,
there exists a compact set K Ď H, and four positive definite measures
ω1, ω2, ω3, ω4 supported inside NpKq such that, for all x PW we have
ω1ptxuq ´ ω2ptxuq ` iω3ptxuq ´ iω4ptxuq “ 1 .
Moreover, each of ω1, ω2, ω3 and ω4, respectively, is twice Fourier trans-
formable.
Proof. Fix an arbitrary pre-compact open set 0 P V “ ´V . Since W ` V
is compact, there exists some g P CcpGq such that g ě 1W`V . Pick some
h P CcpGq non negative such that suppphq Ď V and
ş
H
hptqdt “ 1.
Since V “ ´V , a simple computation shows that
(8.1) g ˚ h˜ptq “ 1 @t PW .
Next by the polarisation identity [34, Page 244], we have
g ˚ rh “ 1
4
´“
pg ` hq ˚ Čpg ` hq ´ pg ´ hq ˚ Čpg ´ hq‰
` i
“
pg ` ihq ˚ Čpg ` ihq ´ pg ´ ihq ˚ Čpg ´ ihq‰¯ .
Since g, h P CcpGq, we can find some compact set K which contains the
support of each of pg ` hq ˚ Čpg ` hq; pg ´ hq ˚ Čpg ´ hq; pg ` ihq ˚ Čpg ` ihq and
pg ´ ihq ˚ Čpg ´ ihq, respectively.
Define
ω1 :“
1
4
ω
pg`hq˚Čpg`hq
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ω2 :“
1
4
ω
pg´hq˚Čpg´hq
ω3 :“
1
4
ω
pg`ihq˚ Čpg`ihq
ω4 :“
1
4
ω
pg´ihq˚ Čpg´ihq .
Then, for each 1 ď j ď 4 the measure ωj is positive definite [44, Prop. 5.8.10],
and supppωjq Ď NpKq.
Next, by construction we have
ω1 ´ ω2 ` iω3 ´ iω4 “ ωg˚h˜ .
Therefore, by Eq. (8.1) we have
ω1ptxuq ´ ω2ptxuq ` iω3ptxuq ´ iω4ptxuq “ 1 @x P W .
The last claim follows from [35, Thm. 4.12]. 
As a consequence we get:
Lemma 8.4. Let pG,H,Lq be a CPS and W Ď H be compact set and let
K be as in Lemma 8.3. Then, for each Fourier transformable measure γ
with supppγq Ď NpW q there exists positive definite measures γ1, γ2, γ3, γ4
supported inside NpKq such that
γ “ γ1 ´ γ2 ` iγ3 ´ iγ4 .
Proof. Let ω1, ω2, ω3, ω4 be as in Lemma 8.3, and let
ω :“ ω1 ´ ω2 ` iω3 ´ iω4 .
Then, by Lemma 8.3, ω is twice Fourier transformable, supported inside
NpKq and satisfies
ωptxuq “ 1 @x P NpW q .
Therefore, by the Ping-Pong Lemma for Meyer sets (Lemma 3.3 (i)), there
exists a finite measure ν such that
pγ “ pω ˚ ν .
Next, write
ν “ ν1 ´ ν2 ` iν3 ´ iν4 ,
as a linear combination of finite positive measures. For each 1 ď j ď 4
define
fj :“ qνj .
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Then, each fj P CupGq is positive definite [34, Thm. 4.8.4]. Therefore, by
[1, Cor. 4.3], for all 1 ď j, k ď k the measure fjωk is positive definite. We
also have
(8.2) supppfjωkq Ď supppωkq Ď NpKq .
Next, let 1 ď j, k ď 4 be arbitrary. Since ωk is Fourier transformable, xωk
is translation bounded [34, Thm. 4.9.23]. As νj is finite, the measures xωk
and νj are convolvable [34, Lemma 4.9.19]. Therefore, by the twice Fourier
transformability of ωk and [34, Lemma 4.9.26], the measure xωk ˚νj is Fourier
transformable and xωk ˚ νjŹ“ xωkŹpνj “ pfjωkq: .
Since this is positive definite, it is Fourier transformable [34, Thm. 4.11.5].
Therefore
zfjωk “ ´pfjωkq:Ź¯: “ ˆxωk ˚ νjŹ˙: “ `pxωk ˚ νjq:˘: “ xωk ˚ νj .
This shows that, for each 1 ď j, k ď 4 the measure fjωk is positive definite
and zfjωk “ xωk ˚ νj .
Now the claim follows. Indeed, we have
pγ “ pω ˚ ν “ pxω1 ´xω2 ` ixω3 ´ ixω4q ˚ pν1 ´ ν2 ` iν3 ´ iν4q
“ pxω1 ˚ ν1 `xω2 ˚ ν2 `xω3 ˚ ν4 `xω4 ˚ ν3q ´ pxω1 ˚ ν2 `xω2 ˚ ν1 `xω3 ˚ ν3 `xω4 ˚ ν4q
` i pxω1 ˚ ν3 `xω2 ˚ ν4 `xω3 ˚ ν1 `xω4 ˚ ν2q ´ i pxω1 ˚ ν4 `xω2 ˚ ν3 `xω3 ˚ ν2 `xω4 ˚ ν1q
“ pf1ω1 ` f2ω2 ` f3ω4 ` f4ω3q
Ź
´ pf2ω1 ` f1ω2 ` f3ω3 ` f4ω4q
Ź
` ipf3ω1 ` f4ω2 ` f1ω3 ` f2ω4q ´ ipf4ω1 ` f3ω2 ` f2ω3 ` f1ω4q .
Define
γ1 :“ f1ω1 ` f2ω2 ` f3ω4 ` f4ω3
γ2 :“ f2ω1 ` f1ω2 ` f3ω3 ` f4ω4
γ3 :“ f3ω1 ` f4ω2 ` f1ω3 ` f2ω4
γ4 :“ f4ω1 ` f3ω2 ` f2ω3 ` f1ω4
Then, for each 1 ď j ď 4 the measure γj is a sum of positive definite
measures and hence positive definite. Moreover, by Eq. (8.2), supppγjq Ď
NpKq.
Finally, as a linear combination of positive definite measures, the measure
γ1 ´ γ2 ` iγ3 ´ iγ4 is Fourier transformable and
γ1 ´ γ2 ` iγ3 ´ iγ4
Ź
“ pγ .
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Since the Fourier transform for measures is one to one [34, Thm. 4.9.13],
we get
γ “ γ1 ´ γ2 ` iγ3 ´ iγ4 .
This completes the proof. 
As a consequence we get the main result in this section.
Theorem 8.5. Let µ be a measure supported inside a Meyer set Λ. Then µ
is Fourier transformable if and only if it is a linear combination of positive
definite measures.
Moreover, in this case, the positive definite measures can be chosen to be
supported inside a Meyer set Γ.

9. Applications
Let us first summarise all the results we got in the paper.
Theorem 9.1. Let G be a second countable LCAG, and let γ be a Fourier
transformable measure supported inside some Meyer set Λ. Then,
(i) γ admits an unique decomposition into three Fourier transformable
measures γs, γ0s, γ0a such that
γ “ γs ` γ0s ` γ0a
γs
Ź
“ ppγqpp
γ0s
Ź
“ ppγqsc
γ0a
Ź
“ ppγqac .
(ii) γs, γ0s, γ0a are supported inside a common Meyer set.
(iii) ppγqpp , ppγqsc , ppγqac are norm almost periodic.
(iv) If pG,H,Lq is any CPS and W Ď H any compact set such that
Λ Ď NpW q, then
supppγsq, supppγ0aq, supppγ0sq Ď NpW q .
(v) If pG,H,Lq is any CPS and W Ď H any compact set such that
Λ Ď NpW q, and h P K2pHq is such that hpxq “ 1 for all x P W
then, there exists a finite measure ν such that
ppγq “
¨˝ ÿ
py,y‹qPL0
qhpy‹qδy‚˛˚ ν “ ωqh ˚ ν
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ppγqpp “
¨˝ ÿ
py,y‹qPL0
qhpy‹qδy‚˛˚ νpp “ ωqh ˚ νpp
ppγqsc “
¨˝ ÿ
py,y‹qPL0
qhpy‹qδy‚˛˚ νsc “ ωqh ˚ νsc
ppγqac “
¨˝ ÿ
py,y‹qPL0
qhpy‹qδy‚˛˚ νac “ ωqh ˚ νac .
(vi) There exists a Meyer set Γ and four positive definite measures
γ1, γ2, γ3, γ4 supported inside Γ such that
γ “ γ1 ´ γ2 ` iγ3 ´ iγ4 .

Next, we list some applications to the diffraction.
Corollary 9.2. Let ω be weighted Dirac comb supported inside a Meyer set,
and let γ be an autocorrelation of ω. Then each of the diffraction spectral
measures ppγqpp , ppγqac and ppγqsc is norm almost periodic.

Corollary 9.3. Let ω be weighted Dirac comb supported inside a Meyer
set, and let γ be an autocorrelation of ω. Then each of diffraction spec-
tral measure ppγqpp , ppγqac and ppγqsc is either trivial or has relatively dense
support.

Remark 7. In [41] we have proven that given a Meyer set Λ, each of
ppγqpp , ppγqc of the diffraction spectra of Λ is strong almost periodic and hence,
it is either trivial or has relatively dense support. These results are an im-
mediate consequence of Corollary 9.2 and Corollary 9.3.
Remark 8. In [42] we have proven that given a be weighted Dirac comb
supported inside a Meyer set, its pure point spectrum ppγqpp is a sup-almost
periodic measure (see [44, Sect. 5.3] for the definition and properties of sup-
almost periodicity) and that, for each 0 ă a ă pγpt0uq the set
Ipaq :“ tχ P pG|pγptχuq ě 0u
is a Meyer set.
Both of these are immediate consequences of Corollary 9.2 and some re-
sults of [44]. Indeed, since ppγqpp is norm-almost periodic, it is sup-almost
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periodic by [44, Lemma 5.3.6]. Next, since ppγqpp is a sup-almost periodic
pure point measure, by [44, Thm. 5.2] there exists a CPS p pG, pH,Lq and
some h P C
0
p pHq such that
ppγqpp “ ωh .
Since γ is positive definite, pγ and hence ppγqpp is positive. Then h is also
positive, by the denseness of the second projection.
Therefore
Ipaq “ NpWaq ,
where Wa :“ ty P pH|hpyq ě au is compact and has non-empty interior, as
h P C
0
p pHq and h ı 0.
It follows that for all 0 ă a ă pγpt0uq the sets Ipaq are model sets in the
same CPS.
Corollary 9.4. Let ω be weighted Dirac comb supported inside a Meyer set,
and let γ be an autocorrelation of ω. Then, for each pre-compact Borel set
B Ď pG there exists a relatively dense set P Ď pG such that, for all t P P we
have
|pγpt`Bq ´ pγpBq| ă ǫˇˇˇ
ppγqpp pt`Bq ´ ppγqpp pBqˇˇˇ ă ǫ
|ppγqac pt`Bq ´ ppγqac pBq| ă ǫ
|ppγqsc pt`Bq ´ ppγqsc pBq| ă ǫ
Proof. Let K be any compact set with non-empty interior such that B Ď K.
Let us first observe that if µ is a norm almost periodic measure, and ǫ ą 0,
then the set of common almost periods of µ, µpp, µac and µsc is relatively
dense.
Indeed, by [15, Thm. 14.22], we have
|µ| “ |µpp| ` |µ|ac ` |µ|sc .
It follows immediately from here that, for each α P tpp, ac, scu we have
}µα}K ď }µ}K ď }µpp}K ` }µac}K ` }µsc}K .
This implies that, for each α P tpp, ac, scu we have
PKǫ pµq Ď P
K
ǫ pµαq .
Thus, as µ is norm almost periodic, the relatively dense set PKǫ pµq is a
common set of ǫ norm-almost periods for µ, µpp, µac and µsc.
Now, for each ´t in this relatively dense set we have
|pγpt`Bq ´ pγpBq| ď |T´tpγ ´ pγ| pBq ď |T´tpγ ´ pγ| pKq ď }T´tpγ ´ pγ}K ă ǫ ,
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and similarly,
|ppγqα pt`Bq ´ ppγqα pBq| ď }T´t ppγqα ´ ppγqα }K ă ǫ @α P tpp, ac, scu .

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